
1006 J. GUIDANCE, VOL. 21, NO. 6: ENGINEERING NOTES

Fig. 2 Commanded acceleration pro� les.

Fig. 3 LOS rate pro� les.

Conclusion
In this Note, a new formulationof PNG is derivedbased on the re-

centlydevelopedcontinuous-timepredictivecontrolapproach.Sim-
ulations have been carried out to assess the performance of this
guidance law in comparison with conventional PNG for a maneu-
vering target, and results are presented. The results show that the
presentguidancelaw gives superiorperformancecomparedwith the
conventionalPNG law.
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Introduction

T HIS Note describesthe guidancestrategyused for theBrazilian
satellite launcher,1 called VLS. The vehicle has four stages

and uses solid fuel; the last stage is spin stabilized. Its � rst mission
was to place a 115-kg satellite into a 750-km altitude circular orbit.
Because there is no velocitycontrol—the burningof the fourth stage
cannotbe interrupted—the � nal orbit is determinedby the suborbital
trajectory (ballistic phase) between the third and fourth stages, the
ignition time of the fourth stage, and its inertial attitude. Thus, to
achieve the prescribed altitude of a circular orbit, the last stage
must be in a particular ballistic trajectory and the last action of the
control system is to point the fourth-stage/satellite assembly to a
certain inertial direction and to decide the ignition time.

The guidance commands produce,during the third stage, the ref-
erence to the attitude control system so that the vehicle reaches a
transferorbitwith prespeci� ed parameters,calledparametric subor-
bit guidance (PSG). Regarding the fourth stage, the guidance com-
mand sets the inertial direction and establishes the ignition time.
This is called the pointing algorithm (PA).

Pointing Algorithm
The PA2;3 calculates the ignition time and the inertial attitude for

the fourth stage based on real navigation data to obtain a proper
transfer to a circular orbit. The strategy should operate during the
coast phase between the third-stageburnout and the fourth-stageig-
nition. The strategy proposed is similar to an impulsive orbit trans-
fer because the fourth-stage energy is considered as an increment
of velocity. The main difference to the impulsive assumption is the
ignition time. The real ignition time has an additional term that is
obtained based on conservation of energy. After this, the obtained
deployment attitude4 is related to the inertial frame. The algorithm
assumes that no disturbance is present during the coast phase to
change that Keplerian orbit.

During the coast phase and the burningof the last stage, the equa-
tion of motion of the vehicle center of mass4 is RR D g.R/ C 0.t/ ¢#,
where R is the vehicle radius vector, g is the gravitationalaccelera-
tion, # is a constantunit vector in the thrust direction (kept constant
by the attitude control system), and 0.t/ is the propulsive acceler-
ation that is assumed to be a well-known function. The solution of
R.t/ can be formulated as

V D V0 C 1V ¢ # C 1Vg

R D R0 C .t ¡ t0/ ¢ V0 C 1R ¢ # C 1Rg

where

1Vg D
t

t0

¹R.» /

R.» /3
d»; 1V D

t

tig

0.» / d»

tig is the ignition time with t0 · tig, and 1R and 1Rg are, respec-
tively, the integration of 1V and 1Vg .

The increment of angular momentum over the last stage is given
by 1H D R £ m ¢ V ¡ R0 £ m0 ¢ V0. The motion is considered to
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Fig. 1 Vector diagram in the impulsive shot.

take place in a limited region of space, resulting in a small arc.
Therefore, the gravity loss 1Rg has nearly the same direction of R0

and 1Rg ¼ .t f ¡ tig/ ¢ 1Vg , where t f is the fourth-stage burnout
time.4 This idealization is generally acceptable when the distance
traveledduring a propelledphase is negligiblewhen comparedwith
the radius vector. It follows that the terms 1Rg £ V0, R0 £ 1Vg ,
V0 £ 1Vg , and 1Rg £ 1Vg are null. These simpli� cations yield

1H D mfR0 C [.t f ¡ tig/ ¡ 1R=1V ] ¢ [V0 C Vg]g

£ 1V ¢ # C .m ¡ m0/ ¢ R0 £ V0

which can be rewritten as

1H D mRI £ [VI C 1V ¢ #] ¡ m0 ¢ RI £ VI

where RI D R0 C [.t f ¡ tig/ ¡ 1R=1V ] ¢ [V0 C Vg ]. It can be ob-
served that the expression of 1H is equivalent to an orbital change
due to impulsive thrust applied in RI because in a Keplerian orbit
R0 £ V0 D RI £ VI . This conclusion means that the actual thrust
started in tig at the � xed direction # and the impulsive shot in RI

with the same direction have equivalentresults. Besides, RI will be
reached ´ seconds after the ignition time tig , where ´ D .t f ¡ tig/ ¡
1R=1V . Then it is acceptable to say that ´ is a correctionfactor of
the impulsive time ignition t I .´ ¼ 42:3 s), and so it will have the
same effect of an actual thrust with tig D tI ¡ ´.

Figure 1 shows the conditions for V, at the instant tI , to be added
by a velocity increment 1V to reach a circular orbit. The circular
orbit has the � nal velocity V f D

p
.¹=R/, and the conditions to

� nd V f are

V ¢ sin.¯/ D ¡1V ¢ sin.®/ (1)

V ¢ cos.¯/ C 1V ¢ cos.®/ D ¹=R (2)

The Keplerian orbit yields

V 2 ¡ 2¹=R D V 2
0 ¡ 2¹=R0 D ¡¹=a (3)

V ¢ R ¢ cos.¯/ D V0 ¢ R0 ¢ cos.¯0/ (4)

where a is the semimajor axis of the ascent trajectory. Equations
(1–4) can be expressed as

1V 2 C ¹=a ¡ ¹=R D 21V cos.®/ ¹=R (5)

R ¹=R ¡ 1V cos.®/ D V0 R0 cos.¯0/ (6)

Substitution of Eq. (6) into Eq. (5) yields

p
R

3

2
¡ R

³
1V 2

2¹
C

1

2a

´
D

V0 R0 cos.¯0/
p

¹
(7)

where ¯0 D arcsin.R ± V=.R ¢ V //.

Equation (7) can be considered a third-order polynomial withp
R as its variable. It has a practical analytical solution because the

second-order term vanished:

RI D
4 cos2.¸=3 C 2¼=3/

1V 2=¹ C 1=a
(8)

where ¸ D arccos[V0 R0 cos.¯0/
p

.1V 2=¹ C 1=a/=
p

¹].
Equation (5) yields

® D arccos

p
RI =¹ 1V 2 C ¹.1=a ¡ 1=RI /

21V
(9)

Equations (8) and (9) express the value of the circularorbit radius
of the vehicleafter the burnoutof the last stage,with the deployment
angle ®. This angle must be represented in the inertial attitude for
the vehicle to be in the correct orientation.

The equivalent impulsive burn time tI is relative to the period of
time the vehicle takes to move from R0 to RI . It can be expressed
in terms of the eccentric anomaly E by

¹=a3 ¢ .tI ¡ t0/ D E I ¡ E0 ¡ e ¢ [sin.E I / ¡ sin.E0/] (10)

where

E D arccos[.a ¡ R/=.a ¢ e/]

and where

e2 D [.RV 2=¹/ ¡ 1]2 cos2.¯/ C sin2.¯/

is the ascent trajectory eccentricity.According to Eq. (10), the true
time ignition tig can be obtained by

tig D a3=¹ ¢ [.E I ¡ E0/ ¡ e.sin.E I / ¡ sin.E0//]

C 1R=1V ¡ ¿ C t0

where ¿ D .t f ¡ tig/ is the burn time of the last stage (¿ ¼ 70 s).
The results obtained are relative to the � ight plane. The pitch

angle 8, relative to this plane, can be expressed (see Fig. 1) as
8 D ¡¼=2 C ¾ ¡ 12 ¡ ®, where ¾ is the pitch angle of R0 and
12 is the differenceof the eccentricanomaly. To express this angle
in the navigational frame it is necessary, � rst, to � nd the relation
between the � ight plane and the navigationalframe. The orientation
of the trajectory plane is de� ned by two angles, the right ascension
of the ascending node Ä and the inclination i given by cos.i/ D
.uy ± D/=D D Dy=D, where D D V £ R, and tan.Ä/ D ¡Dz=Dx .
This relationpermits the transformationof the pitch angle, from the
� ight plane coordinates to the navigational frame, in terms of the
Euler angles µp D ¡¼ C arctan.¡Tz=Tx / and Ãp D arcsin.Ty/,
where

Tx D cos.i/ cos.Ä/ cos.8/ ¡ sin.Ä/ sin.8/

Ty D sin.i/ cos.8/

Tz D ¡cos.i/ sin.Ä/ cos.8/ ¡ cos.Ä/ sin.8/

The angles µ p and Ãp de� ne the direction # where the last stage
must be pointedat the instant tig. Then the vehiclewill be transferred
to a circular orbit with radius RI . Therefore, the pointingalgorithm,
basedon the positionand velocityinertialdata, looksfor thepossible
circular orbit that the vehicle can reach, independentof its radius.

The algorithm described earlier assumes that the orbit injection
will take place in the same plane of the orbit of the last stage bal-
listic phase (before its ignition). However, it is possible to change
this algorithm5 to allow the orbit injection into a different orbital
plane. With this improvement the pointingalgorithmbecomes more
general. It can be used not only to obtain a circular orbit, but also
to change the orbit inclination,provided the impulsive increment of
velocity assures suf� cient energy to ful� ll both tasks.
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Parametric Suborbit Guidance
The equivalencebetween the actual thrust started in tig at the � xed

direction # and the impulsive shot in RI with same direction allows
the evaluationof the velocity after the last stageburnout.V/ through
a vectorial sum of the velocity just before the last stage ignition
.V0/ with the velocity increment due to its complete burning .1V/.
Given an orbital radius R, the set of equations (1–4) permits the
considerationof the problem at the end of third stage, resulting in a
set of four equationswith six variables.This set of equationsde� nes
a family of suborbital trajectories, which satis� es both conditions
at the end of the third stage .R0; V0; and ¯0/ and the conditions
for the ignition of the fourth stage (RI ; VI ; ¯I ; and ®). Algebraic
manipulation leads to the following relationship:

cos ¯0 D
Rsat

2 .¹=Rsat/ ¢ V0 ¢ R0

£ V 2
0 C 2¹ ¢

³
1

Rsat

¡ 1
R0

´
C ¹

Rsat

¡ 1V 2 (11)

where Rsat is the same RI stated before; however, in this case Rsat is
a parameter (from the orbit speci� cation), whereas in the pointing
algorithmRI is the independentvariableof the equations.Therefore,
Eq. (11) de� nes the target subspace for the third-stage guidance.
The guidance problem was solved in a particular frame, hereafter
called the guidance frame (see Fig. 1), that is de� ned as follows: the
x axis aligns with the positionvector, the y axis is orthogonal to the
plane spanned by the position and velocity vectors, and the z axis
completes the right-hand frame.

a)

b)

c)

d)

Fig. 2 Final orbits obtained with Monte Carlo study.

The frame transformationsare easily derived, and with some ad-
ditional simpli� cations that will be explained later, the equations of
motion of the third stage are derived as follows:

dVx

dt
D 03.t/ ¢ cos.®3 C !t/ cos.’3/

dVz

dt
D 03.t/ ¢ sin.®3 C !t/ cos.’3/ ¡ g (12)

dVy

dt
D 03.t/ ¢ sin.’3/;

dR
dt

D V.t/

where ®3 and ’3 are the deployment attitude and 03.t/ is the third-
stage propulsiveacceleration,which is known, from the actual time
ta until the burnout of the third stage tbo.

One hypothesis that simpli� es this problem (which, in fact, im-
posesthecontrol law) is that the deploymentattitude®3 is calculated
by ®3.t/ D ®a.t/ C ! ¢ t . The other hypotheses are that the param-
eter ! is consideredconstant during the remaining time of the third
stage and that the guidance frame is frozen. Then, Eqs. (12) could
be integrated (even analytically), and as a result, the conditions at
the burnout of the third stage .tbo; Rbo; and Vbo/ can be estimated.
Hence, given the information of the actual time Ra and Va and con-
sideringtheavailableenergy(from theactual time till the burnout), it
is possible to estimatewhere the vehiclewill go for a given !. It fol-
lows that the � ight-pathangle¯0 at that point can also be calculated,
and it is, of course, a functionof !. Therefore, to solve the guidance
problemit is necessary to � nd the value of ! that makes the solution
of Eqs. (12) reach the desired � ight-path angle ¯0, the velocity V0,



J. GUIDANCE, VOL. 21, NO. 6: ENGINEERING NOTES 1009

and the position R0 solving Eq. (11). This process results in the fol-
lowing set of four equations and four variables .!; ¯0; V0; and R0/:

R0 D jR.tbo; ta; !/j; V0 D jV.tbo; ta ; !/j

¯0 D arcsin
Rbo ± Vbo

.Rbo ¢ Vbo/

cos¯0 D

Rsat

2 .¹=Rsat/ ¢ V0 ¢ R0

V 2
0 C 2¹ ¢

³
1

Rsat
¡ 1

R0

´
C ¹

Rsat
¡ 1V 2

To have a closed-loop solution, ! is calculated periodically.The
periodwas chosenasa compromisebetweenonboard-computerload
and algorithm accuracy. The value of 1 s was used in the present
study. During this interval, the reference attitude was calculated by
®3k C 1 D ®3k C !k ¢ ±t, where ±t is the onboard-computer sample
interval, and the necessary frame transformation is made to get the
Euler anglesµr and Ãr to be the referencefor theattitudecontrolsys-
tem (the same transformationthat is used in the pointingalgorithm).

Results
To assess the performance of the guidance strategies (PA and

PSG), digital simulations were done. The simulation program in-
cluded most of the known nonlinearities (e.g., nonspherical Earth
effects). A Monte Carlo simulation was performed, and the results
were compared with the nominal trajectory without disturbances.
Figure 2a shows the differencesof the � nal orbit when no guidance
was used, when only the PA algorithm was used, and when both
PA and PSG algorithms were used, in the presence of a dispersion
of 10% in the drag coef� cient. Figure 2b shows the results of a
Monte Carlo � ight simulation without the PSG and the PA algo-
rithms, which considered the random choice of the thrust pro� le
(3¾ D 2% of impulse) of the � rst and second stages, the vehicle
mass (3¾ D 0:5%), the drag coef� cient (3¾ D 10%), and the atti-
tude misalignment (3¾ D 1 deg) of the last stage (to orbit injection).
Figure 2c shows the results of the same simulation when only the
PA algorithmwas included,and Fig. 2d shows the resultswhen both
the PA and the PSG algorithms were included.When both guidance
strategieswere used, the � nal orbits are so close that it is notpossible
to distinguish them, showing the validity of the hypotheses made.

Conclusions
The simulation results have shown that the guidance strategies

PSG connectedto PA ful� ll an important reductionin the dispersion
of the orbit parameters, resulting from errors of the � rst and second
stages’ thrust, the drag coef� cient, and the pointing angle. Besides
the good results in the performance, the proposed strategies have
the following advantages:

1) Their algorithms are simple and easy to implement in the on-
board computer.

2)ThePSG algorithmcanbe startedat any time duringtheburning
of the third stage without any discontinuityin the attitude command
(because the PSG output is the angular velocity).

3) Both strategies are suitable for solid propellant engines.
4) The PSG algorithm can set alternate altitudes if the evaluated

energy is not enough to reach the nominal one.
The disadvantagesdetected are the following:
1) Using these strategies, it is not possible to control directly the

velocitymagnitude.Energy control is possibleonly by changing the
attitude.

2) The calculation is based on an estimate of the energy available
in the subsequent stages.

These results are the main reason that led the control system team
to choose the PSG and the PA algorithmsas the main guidance loop
for the � rst � ight of the Brazilian VLS.
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Introduction

A DIRECT eigenspace assignment method1¡4 has been used
to design lateral-directional control laws for NASA’s High

Angle-of-Attack Research Vehicle.5 The control laws developed
have demonstrated good performance, robustness, and � ying qual-
ities during both piloted simulation and � ight testing. During the
control-law design effort, a limitation of the direct eigenspace as-
signment method became apparent—the designer has no direct
control over feedback-gain magnitudes. The development of an
eigenspace (eigenstructure) assignment method6 that overcomes
this limitation is presented.

Gain-Weighted Eigenspace Assignment Methodology
For a systemthat is observableandcontrollableandhasn states,m

controls,and l measurements,this methodallows a designerto place
l eigenvalues at desired locations and trade off the achievement of
desired eigenvectors vs feedback-gain magnitudes. The following
development assumes that complex matrices have been converted
to real Jordan form. Given the observable, controllable system

Px D Ax C Bu (1)

where x 2 Rn and u 2 Rm , with system measurements available for
feedback given by

z D Mx C Nu (2)

where z 2 Rl . The total control input is the sum of the augmentation
input uc and pilot’s input u p

u D u p C uc (3)

The measurement feedback-controllaw is

uc D Gz (4)
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